It is shown that a univalent function f belongs to Q K if and only if sup a∈D
Introduction
The aim of this paper is to characterize univalent functions f in the Möbius invariant Q K space in terms of the maximum modulus of f • ϕ a − f a , where ϕ a z a − z / 1 − az , provided K satisfies certain regularity conditions. We will begin with a brief overview of characterizations of univalent functions in classical function spaces of the unit disc together with necessary definitions. Then, we will state the above-mentioned characterization of univalent functions in Q K and its consequences. The proofs are postponed to the end of the paper and will be presented in the sequential order. 
for some equivalently for all 0 < p < ∞. However, Pommerenke 15 has shown that BMOA and the Bloch space B contain the same univalent functions. The Bloch space B consists of those f ∈ H D for which
If, in addition, f z 1 − |z| 2 → 0, as |z| → 1 − , then f ∈ B 0 . For the theory of Bloch spaces, see 3, 16 . If Ω is a simply connected proper subdomain of the complex plane and f ∈ U such that f D Ω, then 
Moreover, if the integral above tends to zero as a approaches to the boundary of D, then f ∈ Q K,0 . If K t t p , then Q K Q p , and therefore Q K can be viewed as a generalized Q p space. For results on Q K , see 22-24 and the references therein. From now on, the weight K is assumed to admit the following basic properties:
K log 1/r r dr < ∞;
Requirements 1 and 2 are standard; the first one ensures that K indeed plays an essential role in the definition, and the second one guarantees the nontriviality of Q K as well as the inclusions Q K ⊂ B and Q K,0 ⊂ B 0 . Conditions 3 and 4 are, of course, restrictions, yet, for example, K t t p satisfies both of them for all 0 < p ≤ 1.
Before proceeding further, we give an example related to Q K spaces in order to illustrate the variety of spacesinduced by different choices of K.
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Example 2.1. For 0 < p < ∞ and q ∈ R, consider the weight
2.10
Obviously,
for either 0 < t < e −q/p the case q ≥ 0 or 0 < t < 1/2 the case q < 0 , the weight K is increasing. If 0 < p ≤ 1, then the integral
r dr 2.12 diverges for all q ∈ R, and therefore Q K B by 22, Theorem 2.3 . Moreover, 22, Theorem 2.6 shows that
for all 0 < p 1 < p 2 ≤ 1 and 0 < q 1 < q 2 < ∞.
Let us turn back to univalent functions. A special case of 11, Theorem 4 shows that a univalent function f belongs to Q p if and only if
Of course, this is not a natural way to state the result because U ∩ Q p U ∩ B for all p, but it appears to be useful for our purposes. 
for some positive constant C.
Theorem 2.2. Let f ∈ U and assume that K satisfies condition 2.15 . Then, f ∈ Q K if and only if
sup a∈D 1 0 M 2 ∞ r, f • ϕ a − f a K log 1 r dr < ∞.
2.16
Moreover, f ∈ Q K,0 if and only if
It is an immediate consequence of the proof that the assertions in Theorem 2.2 remain valid for areally mean q-valent functions. In addition to standard techniques of univalent functions, the proof of Theorem 2. 
2.20
This result is more general than Corollary 2.3 because the crucial condition 2.15 is not needed. However, K is concave whenever 4 is satisfied, and in that case, K t ≤ K t /t, and then 2.20 implies 2.19 .
We next analyze the necessity of condition 2.15 . This is needed in two consecutive steps in the proof of Theorem 2.2. These steps together establish the asymptotic inequality 
2.23
and f ∈ U with f 2 z 1 − log 1 − z , so that
For these choices, the right-hand side of 2.22 is finite, whereas the left-hand side is not.
K log 1/r 1 − r log 1/ 1 − r −1 , but 2.15 for this K is equivalent to −2 − log t t log t ≤ C, which clearly fails as t → 0 . Moreover, f ∈ U ∩ B, but 2.19 fails for K t −1/ log t. This justifies the assumption 2.15 in Theorem 2.2 and Corollary 2.3.
Proof of Theorem 2.2
We will prove the first assertion, the second one, then immediately follows by the proof.
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Sufficiency of 2.16
Let f ∈ U. Recall first that M 2 r, h is nondecreasing for any h ∈ H D . Therefore we may use conditions 1 and 3 together with Fubini's theorem to obtain
and an application of this inequality to h f • ϕ a − f a , together, with 3.1 , gives
Therefore a univalent function f belongs to Q K if 2.16 is satisfied. Note that this part of the proof uses the univalence of f, but does not rely on 2.15 . Moreover, if f is areally mean q-valent, then the reasoning in 3.2 remains valid as soon as the right-hand side of the inequality is multiplied by q. 
3.6
We next show that 
